About minor closed classes and some notion of freenness.

(A note given to Dainis Zeps in Spring 1994)

Jan KRATOCHVIL

Notation G — e graph obtained by deletion edge e from G
G — v graph obtained by deleting vertex v from G
G o e graph obtained by contracting edge e

(picture)

G © e any graph obtained from G by splitting vertex v (not unique!)
(picture)

G CH Gisasubgraph of H,ie. GG and V(G') C V(H'),
E(G"Y C E(H")

G < H G isaminor of H,ie. G can be obtained by edge
contractions from a subgraph of H, i.e. G can be

obtained by vertex deletions, edge deletions and edge contractions
from H

Definition A class of graphs A is called minor closed if
VG,H:G<HecA=_GcA.

¢ A}, here

Notation For a minor closed class A, F(A) = |[{G | G
€ BNH <G) = H =G} =

|B] = {G | G € BAVH : (
{< minimal graphs in B}.

Proposition For a minor closed class A, VG:G¢ A< 3JH:H e F(A)ANH <G.

Theorem (Robertson,Seymour) F(A) is finite for any minor closed A.

Definition Free(A) ={G |Ve¢g E(G) :G+ec A}
Proposition A minor closed = Free(A) is minor closed.

Notation For aclass A: A~ ={G—e|G e Aje € E(G)}
A ={H |H=Gou,Ge AucV(G)}.
No(A)={G |VH € A: H £ G}, ie. F(N,(A)) = |A].

Theorem For a minor closed class A, F(Free(A)) = |F(A)~ UF(A)?]
Proof We are proving Free(A) = No(F(A)™ U F(A)°)
1) C: GeFree(A)=Ge N,(F(A)~UF(A)°) ie.

G & No(F(A)” UF(A)°) = G & Free(A)
JHe F(A)H—-e<GVHOuv<G)=H<G+e=



=G+eg A= G ¢ Free(A)

2) C: G¢Free(A)=G¢& N,(F(A)- UF(A)°)
de:G+e¢dA=3dJHc F(A):H<G+e=
=H<GVH—-f<GVHOu<G=
=GEN({H} " U{H}°) = G & No(F(A)~ UF(A)°).

Example 1. A = Planar graphs

F(A) = {K33, K5}

F(A)” ={K33, K5 } F(A)° = (picture)
(picture) and hence

[F(A)"UF(A)°] = {K33, K5} =

2. A= No(K5)
F(A) ={K5}
F(A)™ ={K;} (picture)

Theorem F(Free(planar)) = {Kj 3, K; } = Kuratowski theorem.
Proof 777 ’
Bad example For A = N (K33) and
B = No(’two-samples-of-Kj 3-connected-with-edge’, K3 3),
[F(A)" UF(A)°] = [(F(B)” UF(B)°] = {Kj33} and
Free(A) = Free(B) = No(Kj3). !!!
Problem Do there exist graphs G, H,G % H,
st. [F{GYH ™ UF{G}H)°] = [F{H})” UF({H})°]?



